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Abstract. Under the Generalized Extreme Value (GEV) model, Markose
and Alerton (2011) derived the analytic form solutions for vanilla options, and also
removed the distortion of the market only with an additional parameter. In this
paper, we use the technique in Rubinstein and Reiner (1991) to get the analytic
form solutions for barrier options by introducing the Corrected BS (CBS) model —
the BS model close to the GEV model. By introducing CBS volatility we show that
barrier option prices are continuous with respect to barriers under the GEV model.
In addition, we present that the proposed model outdoes the BS model.
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1. Introduction

According to Jackwerth and Rubinstein (1996), the stock market crash of
October 1987 was an extreme event with probability of 101, which is virtually
impossible with the Gaussian type thin-tailed distribution models. Two years later,
on October 13, 1989, the S&P 500 index fell about 6%, which has a probability of
2.7x107 and should happen only once in 14,756 years under the same hypothesis.
Even though Gaussian type thin-tailed distributions play an essential role in
mathematical finance such as Black-Scholes option pricing or the calculation of
Value at Risk, it is time to rethink the early suggestion by Mandelbrot (1963) on
the possibility of heavy tails in financial data (Kim and Kim, 2014).

The celebrated Black-Scholes (BS) model (1973) has been widely used in
derivatives markets, because the model can evaluate plain vanilla options in
markets with simple intuitive parameters. However, when the markets fluctuate
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sharply, as the BS model is unable to reflect the skewness and the kurtosis of the
markets, the difference between the values of the vanilla call options based on the
BS model and the actual prices of the markets grows rapidly. Moreover, when the
distribution is skewed to the left, there are serious mismatches in valuating down-
and-in barrier options based on the BS model assumption since it underestimates
the probability of reaching the barrier.

Recently, Markose and Alentorn (2011) proposed a new vanilla option pricing
model based on Generalized Extreme Value (GEV) distribution. Extreme value
theory has been widely used in hydrology, climatology and insurance areas
(Embrechts et al., 1997, Gabaix et al., 2003, Hosking and Wallis, 2005). At the
heart of the theory, there are two types of distributions, GEV and Generalized
Pareto (GPD) distributions, which can be justified by some limit theorems.*

The barrier option pricing formula, on the other hand, was first solved by
Merton (1973) as an application of the Black-Scholes-Merton differential equation
in Section 9 of his paper. In his paper, he used the so-called method of image for
solving the partial differential equation, which requires quite advanced
mathematics. Later on, Rubinstein and Reiner (1991) found a much easier way to
obtain the same solutions by breaking down the integrations in the risk-neutral
valuation.

This paper takes the aforementioned two ideas together, GEV-based option
pricing and breaking down the integrations, to derive explicit barrier option pricing
formulas based on the GEV distribution. The derived formulas are numerically
comparable to the barrier option pricing formulas based on BS assumptions when
the markets are stable. However, they over/under-price the BS based barrier option
prices when the markets move sharply, indicating that they are capable of capturing
the skewness and the kurtosis of the underlying distributions of the market
participants.

2. A Brief Review of GEV distribution

To introduce the GEV briefly, Figure 1(b) shows the probability density
function of GEV distributions with various choices for the shape parameter .
Note that we can reflect the skewness and the kurtosis? of the return distribution as
we control the parameter &.

The similarity between normal distribution and appropriately chosen GEV
distribution® is verified by Figure 2(a). Figure 2(b) shows the probability of hitting
barrier according to each barrier when current underlying asset is 142 in the Figure
2(a) distribution.

! Fisher-Tippett-Gnedenko theorem and Pickands—Balkema—de Haan theorem

2skewness of the GEV distribution = (g3 — 3919, + 293)/(g> — g2)3/?, kurtosis of the GEV
distribution = (g4 — 49193 + 69297 — 391)/(g2 — 91)* — 3, where g, = I'(1 — k§)

3 approximation error = | (pdf of GEV distribution) - (pdf of normal distribution) | + (pdf of GEV
distribution)
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Even though normal distribution is similar to GEV distribution, the
probability of normal distribution to breach the upper barrier is underestimated or
overestimated to GEV distribution. It means there is a chance that the BS model
can undervalue or overvalue OTC derivatives like barrier options, in spite of
similar fitting results in exchange-traded derivatives. Furthermore, there is a higher
risk to make wrong valuation when the two distributions are not similar.

4 4
[£>0
0
. N o | £<0 =mmme “\

/
prob
[\V]
o

prob
- ]
\
/

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

return return
(a) normal distribution (b) GEV distribution

Figure 1: Pdfs of normal and GEV Distribution
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Figure 2: Probability to hit barriers when GEV distribution is approximated to
normal distribution

3. Assumptions of the Valuation Model

To model extreme economic losses, Markose and Alerton (2011) supposed that
simple negative returns have the GEV distribution. Under the supposition, it
showed that the parameters in the model should satisfy a particular equation in
order to rule out arbitrage possibilities.
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Assumption 1

Let a time interval [t,T] be given: in this paper, all options below are assumed
to be priced at t and expire at T. We consider an underlying stock with price
process S, (u € [t,T]). We assume that simple negative return LT = —(S; — S,)/
S, has a GEV distribution, that is, LT ~GEV (u, d,£).

In an arbitrage-free economy, where we place ourselves henceforward, the three
parameters u, g, and & should satisfy the equation

T
F; [F(l $) 1]0 (& % 0)
§

Here F is the stock futures price at ¢ with maturity T( Markose and Alerton,
2011). Moreover, a relation among the parameters can be also suggested in the case
of ¢ =0by u =1—FF/S, — o, where 7 is the Euler-Mascheroni constant.

The price for a barrier option* is highly sensitive to the distributions of stock
returns® before maturity as well as to the one at maturity, models of which the
stochastic process plays a crucial role in establishing. Unlike the BS model,
however, it has yet to be confirmed whether there exists a stochastic differential
equation which the process satisfies, to the best of the authors’ knowledge.

By and large, the implied return distribution at maturity obtained from a model
other than the BS model in a market for exchange-traded derivatives does not
necessarily have a normal distribution. But a central neighborhood of the implied
one still can be approximated by the one derived from the BS model and therein
lies our major premise: we presuppose that for a barrier option, a central
neighborhood of the return distribution at maturity under the condition that the
underlying stock price crosses the barrier before maturity also can be fit by the one
under the same condition except that S,, would follow a geometric Brownian
motion. For the sake of conciseness, it would be timely for us to name the return
distributions present in our postulation: from here on, the former is called a GEV-
based conditional return distribution and the latter distribution a normal-based
conditional return distribution. Further, we let Tz denote the first instant that the
underlying price breaches the barrier at.

The above hypothesis enables us to do without any stochastic process by dint of
works of Rubinstein and Reiner (1991) and Shreve (2008), which show that the
density function of a normal-based conditional return distribution® is

2va x — 2a — v11? B 1 5

1
(x;0) = ex {—}ex {—[7 },a=ln—,v=r——a,r=T—t
g oV2nt P o? P oV2T St 2

4All barrier options involved herein are assumed to offer no rebate.

5 Throughout the article, unless otherwise specified, here ‘return’ always means the log-return.
6 Technically, gdoes not satisfy the definition of probability density function. It is indeed positive, but
the integral of it on the real line is smaller than 1. For convenience,g is considered as a density here.
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Figure 4: PDFs of the GEV model and the BS model when a market is unstable®

Figure 3(a) depicts the density function of the stock return from the GEV model
along with that from the BS model in a stable market for exchange-traded
derivatives, whereas Figure 4(a) does in an unstable one. In the stable market,
those functions look alike. On the other hand, however, shown is an obtrusive gap
between them in the unstable market.

The same is true of their central neighborhoods which Figures 3(b) and 4(b)
illustrate. We can, however, adjust the volatility of the BS model in order that the
approximation error in the unstable market be as small as possible. Hereafter we
refer to such an adjusted BS volatility as a Corrected BS volatility (CBS volatility)
and such an adjusted BS model as a Corrected BS model (CBS model). At first
sight, these might be nebulous, but as will be described in Section 5, they will have

"Based on the data on KOSPI 200 index call option prices, April 2014
8 Based on the data on KOSPI 200 index call option prices, October 2008
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been derived from specific formulas and thus will rather turn out to be intrinsic. We
sum up and restate the aforementioned discussion as Assumption 2 for future
reference.

Assumption 2

For a barrier option, a central neighborhood of the distribution of the log-return at
maturity rf = In(Sy/S,) conditional on having hit the barrier also can be
approximated by one under the same condition except that the underlying stock
price process would act as the counterpart in the BS model:

dP(rf <r | 15 <T)
dr

~ g(r; ocps) (1] K 1)
Here o.ps denotes the CBS volatility.

4. Pricing Formulas of Barrier Options

The goal of this section is to show how we tried to combine the accuracy of GEV
model and the simplicity of the BS model as regards pricing barrier options. To
start with, as mentioned earlier, Markose and Alerton (2011) produced the closed-
form solutions for the GEV-based vanilla option pricing model foré > 0. We omit
the proofs of valuation foré < 0 andé = 0 because they are similar to the case for

&E>0.
(@) The pricing formula for vanilla call options®
C.(K)
() _y 42 g _%r(1—-¢y- _ _y-
_fe (T-t [St{(l u+§)exp( H™1/%) 61"(1 & H 1/5)} K exp(—H l/f)] (E+0)
e T=0[s,{(1 - p + Ho) exp(—e) + oT(0,e™)} — K exp(—e)] ¢=0

Here H =1+ (§/0)(1 —K/S;—u) H=~1~K/S; —w)/o, and C.(K)ggy
is the price of a vanilla call option with strike price K for the GEV model at t.
In a similar manner to their calculation, we can draw a closed-form expression of
the below integral:
(b) An item in aid of the analytic form valuation of barrier call options under
the GEV model

Ce(K,B)gey = e_r(T_t)f (See* — K)f (wdu
In(B/St)

= T(T-0 [st {(1 —u+ g) exp(—H, %) - %r(1 -, Hl‘l/f)} - Kexp(—Hl‘l/f)] (& +0)
Here Hy =1+ (§/0)(1 — B/S; — ) and f isthedensity function of thelog-

returnry deduced from LI~GEV (u,o,&)in Assumption 1. Note that C,(K)ggy =
Ce(K,B)gpyif B<K.

r(s,x) = f:’ ts~le~tdt: (upper) incomplete gamma function
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Assumption 2 allows us to apply techniques in Rubinstein and Reiner (1991) to
the valuation problems. To be more specific, we are going to express the situation
where the payoff of a barrier option is non-zero as a combination of several simple
cases and partition the domain of the integration along the expression. The below
formulas are a portion of its results, which will help in constructing the pricing
formulas of barrier options later.

(c) Ad-hoc terms which will be used on barrier option pricing

o]

e‘r(T_t)f See* —K)tg(u;0)du = CD(y; 0,0 =1, =1)
In(K/St)
e—r(T—t)j (S;e* — K)Tg(u;0)du = CD(y;0;0 =1, = 1)
In(B/S¢)
In(K/St)
e‘r(T_t)f See* —K)tg(u;0)du = CD(y; 0590 = 1,m = —1)

In(B/St)
e‘r(T_t)f (Se* —K)tg(u;0)du = CD(yy;0;0 = 1,1 = —1)

Here the function CD and the constantsy, y, are as follows.
CD(x;0;9,m) = @Sp(B/S)**N(nx)
— pKe TT=9(B/S)?*2N(nx — noVT — )

In(B2/S.K) _In(B/S)
. + AoVT — t,y G\/_ + AoVT — t,A = +

Our first example is a down-and-in barrier call option. Firstly, we conS|der the
case that its barrier Bis smaller than its strike price K. To receive apositive payoff
from the call, the underlying stock price must cross the barrier before maturity and
end up above the strike price. We refer to such a situation, that is,{S; > K | 15 <
T}, as scenario [3]. This scenario renders g cut out for the density functionof the
stock return at maturity. Keeping these in mind, we can calculate the price for a
down-and-in barrier call option at time t under Scenario [3] for & # 0(The
calculation for & = 0 goes parallel, which we leave out).

CtB(DI)(K)GEV — e—T(T—t)f (Steu _ K)+dp
{

profit is nonzero}

=e 7T [ (S,e¥ —K)*dP
[3]

= e‘“”’f (Se* — K)*g(u; ocps)du = CD(y; 0¢psi 0 = 1,n = 1)(B < K)
In(K/Se)

HereCtB(m)(K)GEVrepresents the price of a down-and-in call option with strike
price Kand the barrier Bat t for the GEV model.
Next we derive the pricing formula for the option when B = K. This leads us to
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think of three (not necessarily exclusive) scenarios. We call {S; > K} as Scenario
[1], {Sy > B} as Scenario [2], and{S; > B | tg < T} as scenario [4], the first
two of which have been set with no regard for barrier hit.

/\/ N o
strike “ barrier'
\ = /\/ I

\/ \/ barrier % strike

(@) B<K (b) B=K
Figure 5: scenarios related to a down-and-in call option
Then, the call option generates a payoff exactly when

S;>K | 3 <To[Al(K<S;<B | t5<Tor[B](Sy>B | 75 <T)
o (K<Sr<B)or(S>B | 15 <T)
e {[11(Sr > K)& ~[2](Sy > B)}or [4](Sr > B | 1 <T)

In scenario [4], g plays the role of the density function of the stock return at
maturity. However, the scenarios [1] and [2] are extraneous to barrier hit, so it isf
that corresponds to the density function of the return at maturity in the scenarios.

CE (K)gey = 770 | (S — K)*dP

{profit is nonzero}
=e 70 U (Sce* — K)*dP — f (Sce* — K)*dP
[1] [2]
+ | (Se*— K)+dP]
[4] -

= e_T(T_t) |:f (Steu - K)+f(u)du — J. (Steu - K)+f(u)du
In(K/S;) In(B/S¢)

+ f (See* — K) g(u; ocps)du
ln(B/SQ
= Ce(K)gev — Ce(K, B)gey + CD(y1;050 = L,n =1)(B 2 K)
Taking advantage of in-out parity, we find the pricing formula of a down-and-

out barrier call option from those of a vanilla call option and of a down-and-in
barrier call option.
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C:(K)ggy —CD(y;050=1,n=1) (B <K)

PP (1) gry = C(K)gpy — CEPP (K ={~
t ( )GEV t( )GEV t ( )GEV Ct(K:B)GEV _ CD(yl, o = 1‘17 — 1) (B > K)

18] =2
41— (5] + (6

Figure 6: scenarios related to an up-and-in call option

Our next barrier option is an up-and-in call. For B < K, the option acts exactly
the same as the correspondingvanilla call option does, so all we need to ponder is
just estimating the option price for B = K.As before, the option admits a positive
payoff if and only if the underlying price lies above the strike price at maturity
while having hit the barrier. So we think about three cases, namely, {S; > B}
(Scenario [2]), {Sy <K | t5 <T} (Scenario [5]), and {S; <B | 15 <T}
(Scenario [6]).

Str>K | 1 <T
S[AI(K<Sy<B | 1t<T)or[Bl®(K<S;<B | 153<T) or(Sy > B)
< {~[5]S7 <K | 15 <T)& [6] (St <B | 15 <T)}or [2](S; > B)

Being either in Scenario [5] or in Scenario [6] implies that the underlying stock
price breaches the barrier before maturity, so g is right for the density function of
the stock return at maturity. On the other hand, since Scenario [2] has nothing to do
with barrier breach, f is pertinent to the function.

CEUD(K) gpy = eTT-0) (See¥ — K)*dP

{profit is nonzero}

= ¢ T(T-D) [_j (Seet —K)*dP + | (See* —K)tdP + | (Spe* — I()+dP]
[5] [e]

(2]
= 7T-0) [f (See* — K)*f(w)du
In(B/S¢)

In(B/St)

In(K /S¢)
- f (Sce* — K)*g(u; acps)du + f (See™ — K)* g (u; UCBS)du]

= Ce(K,B)gey — CD(¥; 0cps; ¢ = L,n = =1) + CD(yy; 0cps; 9 = 1, = —1) (B=K)
Again, by invoking in-out parity once more, we can obtain the pricing formula
of an up-and-out call option from those of a vanilla call option and of an up-and-in
call option, which implies that the price of an up-and-out call option should be zero
forB < K. In a similar manner, we can draw analytic form solutionsfor barrier put
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option prices, which are elaborated on in Appendix B.

CtB(UO)(K)GEV = C(K)ggy N CtB(Ul)(K)GEV
= Ct(K)gpy — Ce(K, B)ggy + CD(y; 0¢ps;p = 1,1 = —1)
- (D050 =1Ln=-1) (B=K)
5. CBS Volatility

This section aims to show that the CBS model serves as a bridge between the
GEV model and the BS model. Thus it is essential that we make a formal definition
of a CBS volatility.

As has seen earlier, a vanilla option price is virtually determined by a central
neighborhood of the return distribution. This suggests that the price obtained with
the GEV model is almost the same as that with the CBS model, owing to
Assumption 2. Thus, according to the fact that any vanilla option has a positive
vega in the BS model, there is, once the existence is guaranteed, a unique solution
ocgs for Ce(K)gpy = Ci(K)cpsWith respect to the variable o. It is the very
solution that we refer to as the CBS volatility henceforward. We remark that upon
determined, ogs is also the unique solution of P.(K)ggy = P:(K)cpsby Vvirtue of
put-callparity. The CBS volatility defined this way depends on the strike price of
the option.

In the same vein, we can also devise the CBS volatility when it comes to
barrier option pricing. But in general, a naive application of the above volatility
may incur the discontinuity of the fair pricing solution in B. Hence so as to reflect
the continuity of fair prices in a market, we ought to adapt the definition of CBS
volatility for practical use. As will be seen later, such alteration takes place by
means of the quantitiesC,(K),P,(K)plusC,(K,B),P,(K,B). Fortunately, the CBS
volatility defined for a barrier option also functions as a link between the two
models, and the intuitive interpretation of the definition sounds rather plausible
because C.(K,B),P.(K,B) are barely different from vanilla option prices provided
that B is nearK. In the rest of this section, we will prove that the pricing functions
for barrier options based on the CBS volatility are continuous with respect to
B regardless of barrier option type.

(a) Definition of the CBS volatility

The CBS volatility is defined to be the solution of one of the following
equations: it depends on the barrier, the strike price, and the type of the barrier
option concerned.

The type pf barrier K <S, K>S,
option
down type call Ce(K, Sy = Ce(K, S cps Ct(K) gy = Ce(K)cps
up type call Ce(K) ey — Ce(K, S ey = Ce(K) cps — Ce(K, St)cas
down type put Pe(K)gey — Pe(K, S ey = Pe(K) cps — Pe(K, St)cps
up type put P (K)gey = Pe(K)cps | ﬁt(K: S)aev = ﬁt(K, St)ces

The definitions of P, (K) sy, P (K, B) ¢y are introduced in Appendices A and B.
(b) Theorem on the CBS volatility
Regardless of the type, the barrier option pricing function is continuous at all
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barrier values.

(Proof) Here we only verify the continuity of the pricing function for a down-and-
in barrier call option. The ways to prove our statement for the other types are
basically similar to this. Because the CBS model is one of BS models, the pricing
formula for a down-and-in call option in the CBS model could be deduced from

that in the BS model.%°
cEPD () ={ ~CD()’2 oegssd=1Ln=1) (B<K)
t BS T NC(K) cps — Ce(K, B)cps + CD(y1;0cps3p = 1,n = 1) (B 2 K)
Because of the continuity of C2°P(K)¢ps, it is enough to show that

CEPD(K) gy — CEPP () cpsiscontinuous. Since the continuity of €2PP (K) ¢ps,
except at B =K and B =S, is already known, we needto check whether the
difference is continuous at both the points.
Calculating ¢®®” (K) ggy — 2P (K) cs,

B(DI) B(DI) _ 0 (B <K)
62" Wram = 6 Wens = {(6, Ky — CuKDens] — (0K, Begy — K, Breas] (8 = 10

When B = K, C.(K) = C,(K,B), s0
Jim (7P K)opy — CFP K)cps| = 0= €7V Wasy = €7 Wess],_,

Therefore CZ®P(K) gy is continuous at B = K. Now let us show the continuity

of 2P (K)epy at B =S, is continuous. Note that B =S, = CZP(K) =
C,(K) ,s0if K < S;.
Jim_ €70 gpy = 7P (K)cas| = [Ce(K)ary = CeDcns] = [Ce(K, B)ary = Ce(K, B)cas]

= Ct(K)GEV - Ct(K)CBS = [Cf(m) (K)GEV - CE(DI)(K)ch]B_S
ot

where the penultimate equality follows from our definition of CBS volatility
forK < S;. This proves our assertion for K < S;. When K > S,
Jim_ (2P0 K)gey — €20 (K)es| = 0

= CeK)ory — Ce(K)cas = [/ WDary — 7P (K)cns|

where the last equality but one also holds due to the definition. These conclude our
proof.
6. Numerical Experiment

In general, the trading volume of OTC derivatives is relatively low compared
to that of ET derivatives. What is more, little data on any trade of OTC derivatives
can be found because such trades are arranged “over the counter.” Thus, in this
chapter, we justify our previous assertions via numerical experiments based on the

10 If we denote by fgs(u; o)the density function of the BS model, then frps(w) = fps(u; ocgs)
ANdCe(K)cps = fln(x/st)(sfeu = K)* feps(du, Co(K,B)cps = fln(B/st)(Steu = K)* feps(Wdu.

o1
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Heston model®*. A brief direction for the experiment goes as follows:

1. Make a random determination on the parameters «, 6, o, p, vo of the
Heston model, the risk-neutral interest rate r, and the time to maturity z.

2. Under the parameters determined in 1, produce the prices of vanilla
options over strike price.'?

3. Under the same parameters, perform barrier option pricing over strike
price and barrier.®

4. Estimate the parameters of both the BS model and the GEV model from
the data in 2.

5. Price the barrier options in both ways with the parameters from 4. Then
compare these data sets with those in 3.

6. Repeat the above steps with replacing the parameters in 1 by other values.

Since the Heston model is flexible due to the abundance of parameters, it is
believed that it can reproduce a variety of risk-neutral measures (or, densities).
Taking this feature and the scarcity of pertinent real market data into consideration,
we generated data sets from the Heston model as a substitute for the corresponding
real market data. One might call this setting into question: why not using the
Heston model for evaluation in the first place? However, it is a different matter
from that to utilize the data after having the parameters suited for the real market.
To be more precise, the Heston model fitting with no error will of course price
barrier options much more correctly than the GEV model. In reality, however, as
parameter estimation always entails errors, high flexibility of a model does not
necessarily guarantee its accuracy: recall that the more parameters get involved, the
more subject the model is to error.

Figure 7 depicts implied volatility curves derived from both models in a
(virtual) market with current stock price at 100. Here, the stability of a market is
classified in inverse proportion to the curvature of its implied volatility curve. As
can be seen, in an unstable market, the numerical results of the GEV model fit
better with the curve given by the Heston model than those of the BS model. On
the other hand, in a stable market, the latter approximation do better: this can be
inferred from that the GEV model provides anything but horizontal implied
volatility curves, while those from the BS model must be constant.

""Heston(1993) suggested a model where S,satisfies the followings:

ds
S—‘ = rdt + JVedW,*, dV, = k(6 — V)dt + o[V, aw,”, dw,*dw,” = pdt

t
Using the correlation coefficient p, this model reflects leverage effect between the stock price and the
volatility.
12Heston(1993) demonstrated a way to price a vanilla option via an analytic formula with a complex
integral. Later Albercher(2006) found another way in order to get around a numerical issue emerging
from the integral.
13The options were priced via an application of finite difference method to the PDE induced from the
Heston model made in 1.
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Throughout the experiments, we endeavored to adjust the strike prices to risk-
neutral return distributions. For example, even with the same strike price, how
deep out of the money a put option is can alter in line with the return distribution,
which supports the plausibility of such adjustments. To realize this, we took the
following steps.

0.51 ‘ : 0.21
data  x
Zx o —
0.49 \\Qé 0.205
K
Z £
£ 047 £ 0.2 T —
E: °
045 xx 0.195 // o
I p—
" GEV
043 0.19 ,
85 90 95 100 105 110 115 9 95 100 105 110 115
strike strike
(a) unstable market (b) stable market

Figure 7: BS-based and GEV-based implied volatility curves

Firstly, we ran Monte Carlo simulations in order to approximate P(Sy < x),
the cumulative density function of S;.. Next we defined P;(K)and P,(K)by

P.(K P(St <K) P (K P(St = K)

a(K) = P(S; <5’ u(K) = P(S; = S,)

One can take notice that the smaller P;(K)(P,(K), respectively) gets, the deeper
out of the money (deep in the money, respectively) an option becomes. Finally we
took K so asto fix P;jor P, for each experiment.

Figure 8 graphs the prices of up-and-in barrier put options over barrier in an
unstable market. As can be seen, the GEV model prices the options more closely to
the Heston prices than the BS model does. There are some instances wherein the
GEV barrier option pricing is nearly no different from the BS pricing, but at least
no worse than that. Likewise, this effectiveness takes place for other kinds of
barrier options. Figure 9 compares the numerical results of pricing down-and-in
barrier options in a stable market. In contrast with the previous case, on the whole,
the BS option pricing outperforms the other, and the same is true of other types as
well. Still, the discrepancy is less significant than the efficiency observed above.

In the unstable market, the estimated average L2 error for the BS method was 2.695, whereas that
for the GEV method was 1.369, almost half of it. In the stable market, however, the error for the BS
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In other words, it can be said that the GEV evaluation comes close to the BS
evaluation.

This section has recorded the results from only two choices for parameter sets
which represent the markets in different situations. But this conclusion was made
on the basis of experiments with more than a hundred of different settings; they
produced similar results. Obviously, such inductive inference cannot assure the
conclusion, but the results gained thus far apparently proposes that barrier options
are more fairly priced by the GEV model than by the counterpart when the market
involved is unstable.

Py4(K)=30% P;(K)=45% P4(K)=60%
1.8 2.6

Vo, Vo,
v, 2
.M S
0 e 0 L

100 104 108 100 105 110 100 106 112

P4(K)=80% P(K)=100% P,(K)=80%

N

) 0 M 0 % :
114 100 108 116 100 109 118
P,(K)=60% P, (K)=45% P,(K)=30%
12 14 18

data x

3 > BS eemmuem
GEV —
6 7 x 8o

price

0 Mum !
0 P S 0 SR 100 112 124
100 110 120 100 111 122 barrier

Figure 8: BS pricing vs. GEV pricing in the unstable market (up-and-in put option)
7. Concluding Remarks

Markose and Alerton (2011) derived no-arbitrage conditions and pricing equations
of vanilla options under the assumption that the simple negative returns of
underlying asset follow GEV distribution. They left some equations unsolved and
made some minor mistakes. In the appendix, we derive missing equations and
rectify errors. We use Rubinstein and Reiner’s technique and the GEV model to

method was 0.056, while that for the GEV method was 0.545. Despite this conspicuous ratio between
them, the error sizes are so small that both model can be considered to have approximated the prices
well. It thus can be inferred from this that the GEV option pricing still does fine in a stable market.
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derive closed-form solutions of barrier options.

During the derivation, we suppose that the central neighborhood of the GEV
distribution and the normal distribution are similar by introducing the Corrected
BS (CBS) model — the BS model close to the GEV model — to make our
assumption

P,(K)=30% Py(K)=45% » Py(K)=60%
. }\
1 XN

100 103 106 100 104 108 100 105 110

0.8

0.4 3K

P4(K)=80% P(K)=100% Pu(K)=80%
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A\ AN I\
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0 0 0 M
100 106 112 100 106 112 100 108 116
P,(K)=60% P.(K)=45% P,(K)=30%
9 12 16

data ¥

1
7 21—
GEV ——
4.5 6 5\.& 2 8 ?\N‘
o R
0 e 0 R SO 100 111 122
100 109 118 100 110 120 barrler

price

Figure 9: BS pricing versus GEV pricing in the stable market (up-and-in put option)

reasonable. The CBS volatility can be chosen arbitrarily depending on the situation
but we fixed it to make barrier option prices continuous to barriers under GEV
model. It uniquely exists on high probability. Besides, the numerical experiments
based on Heston model tells that having one parameter more, the new model
surpassed the BS model when it comes to barrier option pricing.

People still use the BS model believing that the BS model reflects the market,
even though the BS model does not reflect the market perfectly. However, when
the market is unstable, the BS model has low fittingability due to the skewness and
the kurtosis of the return distribution. In this paper, we adjust the skewness and the
kurtosis of the distribution of stocks in the global credit crisis by only adding one
parameter with the GEV model. We prove that the BS model undervalues vanilla
call options and more undervalues in-type barrier options. We also find that the
probability of large pricing gap of OTC derivatives between two probability
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distributions increases, the one derived from the BS model and the other from the
GEV model, even if the evaluation of exchange-traded derivatives are similar.
These analyses may imply that the BS model overvalues or undervalues prices of
OTC derivatives regardless of a market situation and can even bring wrong prices
of derivatives when the market is unstable.
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Appendix A - The price formula of vanilla put options for the GEV model®®

Because we already know the price formula of vanilla call options for the GEV
model, by using put-call parity, we can easily derive the price formula of vanilla
put options as follows.

Pe(K)gry = Ce(K)gry — S¢ + e T 7OK
Here P;(K)ggy is the price of a vanilla put option with the strike price K at t for
the GEV model.
(i) The price formula of vanilla put options for the GEV model where & # 0

Pe(K)gpy = e 70 [K (1 - e_H_l/f)

-5, (er(T—t) _ (1 —u+ 2) e-HVE 4 %F(l 3 H—l/{))]

¢
I K L F (ra-9-1
H—1+;(1—S—t—y),y—1—5—t—<f>0

(ii) The price formula of vanilla put options for the GEV model where & = 0
Pe(K)ggy = e 770 [K(l — e‘e"pﬁ) - S; (eT(T‘t) —(1—pu+Ho)e eH 4 5T (0, expﬁ))]
1-K/Se—n F

H= —7,;1 =1- 5 yo (7 : the Euler-Mascheroni constant)
t

Appendix B - The price formula of barrier put options for the GEV model where
E+0.

Applying the similar method used to derive the price formula of vanilla put options
for the GEV model, the below integrals could be explicitly calculated. Let the result
be defined as P(K, B) ¢y -

* An ancillary term for the analytic form valuation of barrier put options for the
GEV model

_ n(B/St)
Pr(K,B)gpy = e_r(T_t)J. (K = See™)* fw)du

_ o - g _
=eTT-O|K (1 —e ™M w) -5 (e"(T—ﬂ - (1 —pu+ ?) e 12 (1 = Hy w))

7 € #0)

Here H, = 1+ (¢/0)(1 — B/S,; — u).Note thatP,(K) = P,(K, B)if B > K.
And the function €D and the constants y,y; defined in the Section 3 are also used

T5Markose(2011) derives the price formula of vanilla put options for the GEV model only if & > 0.
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here.
CD(x;0,¢,1m) = ¢S (B/S)**N(nx)
— pKe "T=O(B/S.)**"2N(nx — noVT — t)

In(B?/S.K) In(B/S,) 1 r
=——— 4+ AoVT -ty =———+ AT —t, A==+ —
oVT —t 7 oVT —t 2 o?

Since the detail of the derivation is similar to that of call options, it is omitted here.
If one likes to derive the price formula of vanilla put options, he is advised to refer
to the Section 3 and Rubinstein(1991) together.

(i) The price formula of down-in put options for the GEV model where¢ # 0

PP (K)gry
= {Pt(K;B)GEV +CD(y; 0¢cps; @ = —1,n =1) = CD(yy; 0cp5: 9 = —1,n = 1) (B < K)
Pe(K)gev (B=K)

(if) The price formula of down-out put options for the GEV model whereé # 0

PB(DO)(K)

t GEV _

= {Pt(K)GEV — (K, B)gpy — CD(¥; 0cpsi @ = =1, = 1) + CD(yy; 0¢psi ¢ = —1,n = 1) (B <K)
0 (B=K)

(iii) The price formula of up-in put options for the GEV model whereé # 0

Pe(K)gry — Pe(B)gev — CD(y1;0cps; 9 = =1, = —=1) (B < K)

B(UI) _
R Kapy ‘{ CD(y ;0cps;¢=—1,n=-1) (B=K)

(iv) The price formula of up-out put options for the GEV model whereé # 0

Pe(B)gpv + CD(y1; 0cpsip = —1,n = =1) (B <K)

B(UO) _
B ey = {Pt(K)m —CD(y ;oeasib=—Ly=—-1)(B=K)
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